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Abstract One of the important problems arising in biology science is the bacteria motion that surrenders to some operators as
light, heat…,etc. The Chavy-Waddy-Kolokolnikov equation (CWKE) is considered one of the famous models in biology branch
that is very valuable in the modeling bacteria collective formation attracted to the light. Hereby, we will study this effective model
to construct the soliton behaviors of this model. Hereby, we will choose two of the impressive semi-analytical methods, namely,
the extended simple equation method (ESEM) and the (G’/G)-expansion method to extract the analytical solutions of this model
and derive the soliton behaviors through the 2-kind and 3-kind graphs of these obtained solutions. The two suggested methods are
two famous of the ansatz methods that surrender to the homogenous balance rule, used to construct the exact solution for nonlinear
partial differential equation and examined before for many other nonlinear evolution equations and usually realize good results.
In addition, we will derive the numerical solutions identical for achieved analytical solutions by using the differential transform
method (DTM) which is one of the most, efficient numerical methods. To show the newly of our results, we will make comparison
for the obtained soliton solutions behaviors with that previously realized by other authors.

1 Introduction

Bacteria must survive in environments that restrict their growth. So, a set of complex responses to external stimuli, such as moving
toward or away from certain nutrients or light, have been developed by them to increase the availability of required resources, i.e.,
it comes up with a different of mechanisms to adapt and survive in their environments, such as migrating to regions with higher
nutrient concentrations or better living conditions. Chemotaxis, the directed movement of motile bacteria in response to chemical
gradients, is the well-studied of these phenomena. But in this work, we concentrate on the other form of organism adaptation called
phototoxic which is a motion that is oriented respect to the direction of light. There are a series of papers based on mathematical
modeling, where D. Levy et al. [1–6] who suggested models to describe how phototaxis bacteria behave based on basic features
extracted from observations and experiments. Rotation is one of the internal variables involved with excitation in some models,
and it has been found that the sensitivity to perform phototaxis decreases if the colony is not rotated, [7]. From the latest, (CWK)
suggested a streamlined system of equations for the probability that the bacteria move and get a fourth-order nonlinear partial
differential equation (NLPDE), only depending on one parameter that brings the probabilities of moving to either side, staying, or
changing direction according to the sensing distance [8]. The reduced model is of crawling type for bacterial aggregation, like the
Cahn–Hillard equation [9]. The CWK equation includes three terms in the right hand side one of them is nonlinear which has a
unique parameter that gives the aggregate extent and its value defines the instability region for structure shaping, the other two terms
are linear called a reverse diffusion term and a long-range effect term [10].

CWK refers to the design of the movement of phototoxic bacterial aggregates using the random forms introduced by Levy et al.
and has the form [11]:

vt � −vxx − vxxxx + σ
(vxvxx

v

)
x
. (1)

When the transport is toward zones the reverse diffusion occurs where the emphasis progression of concentration gradient is high.
For instance, it is the case, in which the Cahn–Hilliard equation for the juncture separation process [9, 12]. The fourth-order term
sometimes deals with long-range terms where the impact of distant neighbors on the emphasis at a determined point is given [13,
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14]. While the third term is the only term containing the nonlinearity and the only parameter of the given model,σ , which dominates
in the size of the aggregate and takes the form

σ � δ(2γ + 1)(γ + 1)2

(
δ
[
1 + γ (γ 2 + 2γ + 3)

] − 2λ
)′ . (2)

where λ is the rate jump of bacterium moves with keeping its direction and δ is the deflection rate to a new direction, while γ is
the bacterium’s recognizing radius. The steady solution of Eq. (1) is discussed in [1] which depends on decreasing the model order,
then discussed the system orbits by introducing the transformation

v(x , t) � ew(x ,t). (3)

Using Eq. (3), then Eq. (1) surrenders to the form

wt � −w2
x − wxx − wxxxx + (4σ − 6)w2

xwxx

+(σ − 4)wxwxxx + (σ − 3)w2
xx + (σ − 1)w4

x .
(4)

For Eq. (4), four possible values of σ can be considered. For simplicity it is convenient to use the following variable change
η � x − ωt which will transform Eq. (4) to

ωwη − w2
η − wηη − wηηηη + (4σ − 6)w2

ηwηη

+(σ − 4)wηwηηη + (σ − 3)w2
ηη + (σ − 1)w4

η � 0.
(5)

where ω is the wave velocity constancy, finally one can obtain a simple form for Eq. (5) with the help of the substitution R � wη as

ωR − R2 − Rη − Rηηη + (4σ − 6)R2Rη

+(σ − 4)RRηη + (σ − 3)R2
η + (σ − 1)R4 � 0.

(6)

Recent studies to construct the soliton solutions of some models have been demonstrated see for example Kaplan and Akbulut,
[15] who employed the modified simple equation method and the exp(−ϕ(ξ ))method to find the exact solutions with various forms
including hyperbolic, trigonometric, rational and exponential functions of fractional differential equations systems with conformable
fractional derivative to the approximate long water wave equation, Wang, et al. [16] who applied auxiliary equation method for
obtaining new traveling wave solutions for two interesting proposed systems, namely the Kaup-Boussinesq system and generalized
Hirota–Satsuma coupled KdV system with beta time fractional derivative, Arnous, et al. [17] who applied the enhanced Kudryashov’s
and improved extended tanh-function techniques to find the optical solutions in forms of bright soliton, singular soliton, singular
periodic wave, Jacobi elliptic function, exponential function, Weierstrass function, and dark soliton solutions for the perturbed
Chen–Lee–Liu equation with Kudryashov’s arbitrary refractive index model, Akbulut and Taşcan [18], who studied the fractional
order to the modified Korteweg–de Vries equation and reduced fractional order of this model to fractional order ordinary differential
equation with Erdelyi–Kober fractional differential operator to find solutions for this equation.

The remained of this article is prepared as follow: In Sect. (3), the analytical solution of Eq. (6) using ESEM [19–22] will be
introduced. Also, the analytical solution of Eq. (6) using (G’/G)-expansion method [23, 24] will be discussed in Sect. (4). While the
numerical treatment corresponding to the two mentioned analytical method using DTM [25–29] is introduced in Sect. (5). Finally,
the conclusion and the references are given at the end of this work.

2 The ESEM structure

To introduce ESEM solution forms, let us introduce the general structure of any NLPDE

T(R, Rx , Rt , Rxx , Rtt , ...) � 0. (7)

When we apply the transformation R(x , t) � R(η), η � x − ωt on Eq. (7) it becomes


(R, R′, R′′, ...) � 0. (8)

where T in terms of R(x , t) and its partial differentiation, while 
 in terms of u(η) and its total derivatives.
The ESEM introduces the solution of Eq. (8) to be

R(η) �
M∑

i�−M

Aiφ
i (η). (9)

where Ai are parameters to be determined, M is the balance number and φ(η) will be explored from

φ′(η) � a0 + a1φ + a2φ
2 + a3φ

3. (10)

123



Eur. Phys. J. Plus         (2024) 139:135 Page 3 of 14   135 

Then a0, a1 and a2 are arbitrary constants to be calculated.
(1) Firstly if a1 � a3 � 0 Eq. (10) will be Riccati equation whose solutions are

φ(η) �
√
a0a2

a2
tan

[√
a0a2(η + η0)

]
, a0a2 � 0. (11)

φ(η) �
√−a0a2

a2
tanh

[√−a0a2

(
η − ρ1 ln η0

2

)]
, a0a2 ≺ 0, ρ1 � ±1, η � 0. (12)

(2) Secondly, if a0 � a3 � 0, Eq. (10) will be Bernoulli equation whose solutions are

φ(η) � a1Exp[a1(η + η0)]

1 − a2Exp[a1(η + η0)]
, a1 � 0. (13)

φ(η) � −a1Exp[a1(η + η0)]

1 + a2Exp[a1(η + η0)]
, a1 ≺ 0. (14)

Moreover, Eq. (10) has general solution in the form

φ(η) � −1

a2

⎛
⎝a1 −

√
4a1a2 − a2

1 tan

⎡
⎣

√
4a1a2 − a2

1

2
(η + η0)

⎤
⎦

⎞
⎠4a1a2 � a2

1 , a2 � 0. (15)

φ(η) � 1

a2

⎛
⎝a1 +

√
4a1a2 − a2

1 tanh

⎡
⎣

√
4a1a2 − a2

1

2
(η + η0)

⎤
⎦

⎞
⎠4a1a2 � a2

1 , a2 ≺ 0. (16)

where η0 is the integration constant.
Let us apply this technique on Eq. (6) for which the balance number is M � 1 hence the solution is:

R(η) �
1∑

i�−1

Aiφ
i (η) � A−1

φ
+ A0 + A1φ. (17)

Firstly: The first family in which a1 � a3 � 0 ⇒ φ′ � a0 + a2φ
2, from (17) we have

R′ � −a0A−1

φ2 + (A1a0 − a2A−1) + a2A1φ
2. (18)

R′′ � 2a2
0 A−1

φ3 +
2a0a2A−1

φ
+ 2a0a2A1φ + 2a2

2 A1φ
3. (19)

R′′′ � −6a3
0 A−1

ϕ4 − 8a2
0a2A−1

ϕ2 − 2a0a
2
2 A−1 + 2a2

0a2A1 + 8ϕ2a0a
2
2 A1 + 6ϕ4a3

2 A1. (20)

Using the relations (17–20) into Eq. (6), set the various orders of ϕi equal zero, a generated system of equations will be detected
from which these results are explored

(1) ω → 2
(
A0 + 4A3

0

)
, σ → 0, a0 → A2

0

A1
, a2 → −A1, A−1 → 0. (21)

(2) ω → −2
(
A0 + 4A3

0

)
, σ → 0, a0 → −1 + 3A2

0

A1
, a2 → −A1, A−1 → 0. (22)

(3) ω → 2
(
A0 + 4A3

0

)
, σ → 0, A1 → 0, a0 → A−1, a2 → − A2

0

A−1
. (23)

(4) ω → −2
(
A0 + 4A3

0

)
, σ → 0, A1 → 0, a0 → A−1, a2 → 1 + 3A2

0

A−1
. (24)

(5) ω → 2
(
A0 + 4A3

0

)
, σ → 0, A1 → A2

0

4A−1
, a0 → A−1, a2 → − A2

0

4A−1
. (25)

(6) ω → −2
(
A0 + 4A3

0

)
, σ → 0, A1 → −1 + 3A2

0

4A−1
, a0 → A−1, a2 → 1 + 3A2

0

4A−1
. (26)

For the first result Eq. (21) with A0, A1 � 1, we have

ω → 10, σ → 0, a0 → 1, a2 → −1, A1 � A0 � 1, A−1 → 0, a0a2 ≺ 0. (27)
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Then according to the first family of the ESEM Eq. (12) the solution is:

φ(η) � − tanh[η + 0.3], ρ1 � −1, η0 � 2. (28)

Hence, the solution form of Eq. (6) is:

R(η) � 1 − tanh[η + 0.3]. (29)

Since R � wη then

w �
∫

R(η)dη � η − ln(cosh[η + 0.3]). (30)

With taking the integration equal zero. Also v(x , t) � ew(x , t). then the solution of our model Eq. (1) is:

v(x , t) � e(x−10t) sech(x − 10t + 0.3). (31)

By the same procedure for the second result Eq. (22)

ω → −10, σ → 0, a0 → −4, a2 → −1, A1 � A0 � 1, A−1 → 0, a0a2 � 0. (32)

The first family of the ESEM Eq. (11) implies

φ(η) � −2 tan[2(η + η0)]. (33)

R(η) � 1 − 2 tan[2(η + η0)]. (34)

w �
∫

R(η)dη � η + ln(cos 2[η + 2]), η0 � 2. (35)

So, the other form solution of our model Eq. (1) becomes

v(x , t) � e(x+10t) cos(2x + 20t + 4). (36)

Secondly: The second family in which a0 � a3 � 0 ⇒ φ′ � a1φ + a2φ
2,

R′ � −a1A−1

ϕ
− a2A−1 + A1a1ϕ + a2A1ϕ

2. (37)

R′′ � a2
1 A−1

ϕ
+ a1a2A−1 + a2

1 A1ϕ + 3a1a2A1ϕ
2 + 2a2

2 A1ϕ
3. (38)

R′′′ � −a3
1 A−1

ϕ
− a2

1a2A−1 + ϕa3
1 A1 + 7ϕ2a2

1a2A1 + 12ϕ3a1a
2
2 A1 + 6ϕ4a3

2 A1. (39)

Putting the relations (17) and (37–39) into Eq. (6), setting the coefficients of various orders of ϕi equal to zero, a generated system
of equations will be detected from which these results emerge

(1) ω → A0 + A3
0, σ → 0, a1 → −A0, a2 → −A1, A−1 → 0. (40)

(2) ω → A0 + A3
0, σ → 0, a1 → 1

2

(
−3A0 −

√
−4 − 3A2

0

)
, a2 → −A1, A−1 → 0. (41)

(3) ω → A0 + A3
0, σ → 0, a1 → 1

2

(
−3A0 +

√
−4 − 3A2

0

)
, a2 → −A1, A−1 → 0. (42)

(4) ω → a1 + a3
1 , σ → 0, A0 → 0, a2 → −A1, A−1 → 0. (43)

Putting A0 � 1, A1 � −1. the first result Eq. (40) gives

ω � 2, σ � 0, a2 � 1, A−1 � 0, a1 � −1 ≺ 0. (44)

From Eq. (14) we have φ(η) � Exp[−(η+η0)]
1+Exp[−(η+η0)] .

From which we get

R(η) � 1 − Exp[−(η + η0)]

1 + Exp[−(η + η0)]
. (45)

w(η) �
∫

R(η)dη � ln(1 + Exp[η + 2]), η0 � 2. (46)

So, the other form solution of our model Eq. (1) becomes

v(x , t) � ew(x ,t) � 1 + e(x−2t+2) . (47)
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Also for the last result Eq. (43), by the same algorithm we get another equivalent solution for the proposed model Eq. (1) as

A1 � −1, a1 � 1, ω � 2, σ � 0, a2 � 1, A−1 � A0 � 0, a1 � 1 � 0. (48)

R(η) � Exp[η + η0]

1 − Exp[η + η0]
. (49)

w(η) �
∫

R(η)dη � − ln(1 − Exp[η + 2]), η0 � 2. (50)

So, the other form solution of our model Eq. (1) becomes

v(x , t) � ew(x ,t) � 1

1 − e(x−2t+2)
. (51)

3 The algorithm of the (G’/G)-expansion method

According to this method the solution of Eq. (8) is:

R(η) � A0 +
M∑
k�1

Ak

[
G ′

G

]k
, AM 	� 0. (52)

where the function G(η) surrenders to the auxiliary equation G ′′ + μG ′ + λG � 0 while the parameter M denotes to the balance
number, Eq. (52) has the following forms of solutions.

(I) If μ2 − 4λ � 0 the solution is:

(
G ′

G

)
�

√
μ2 − 4λ

2

⎛
⎜⎜⎝
l1 sinh

(√
μ2−4λ

2

)
η + l2 cosh

(√
μ2−4λ

2

)
η

l1 cosh

(√
μ2−4λ

2

)
η + l2 sinh

(√
μ2−4λ

2

)
η

⎞
⎟⎟⎠ − μ

2
. (53)

(II) If μ2 − 4λ ≺ 0 then:

(
G ′

G

)
�

√
μ2 − 4λ

2

⎛
⎜⎜⎝

−l1 sin

(√
μ2−4λ

2

)
η + l2 cos

(√
μ2−4λ

2

)
η

l1 cos

(√
μ2−4λ

2

)
η + l2 sin

(√
μ2−4λ

2

)
η

⎞
⎟⎟⎠ − μ

2
. (54)

(III) If μ2 − 4λ � 0:
(
G ′

G

)
�

(
l2

l1 + l2η

)
− μ

2
. (55)

where l1, l2 are constants.

Applying this method on the main problem Eq. (6) that has the balance M � 1, hence the solution is:

R(η) � A0 + A1

(
G ′

G

)
. (56)

R′ � A1

(
−μ

(
G ′

G

)
− λ −

(
G ′

G

)2
)

. (57)

R′′ � A1

((
μ2 + 2λ

)(G ′

G

)
+ μλ + 3μ

(
G ′

G

)2

+ 2

(
G ′

G

)3
)

. (58)

R′′′ � A1

(
−2λ2 − λμ2 − (

8λμ + μ3)
(
G ′

G

)
− (

8λ + 7μ2)
(
G ′

G

)2

− 12μ

(
G ′

G

)3

− 6

(
G ′

G

)4
)

. (59)

When the relations (56–59) are emerged into Eq. (6), setting the coefficients of various orders of
(
G ′
G

)i
equal to zero, a system

of equations will be explored and by solving it we get

(1) ω → −μ
(
1 + μ2) +

(
2 + 6μ2)A0 − 12μA2

0 + 8A3
0, λ → (μ − A0)A0, A1 → 1, σ → 0. (60)

(2) ω → μ + μ3 − 2
(
1 + 3μ2)A0 + 12μA2

0 − 8A3
0, λ → 1 + μ2 − 3μA0 + 3A2

0, A1 → 1, σ → 0. (61)
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4 (1) For the first result, this can be reduced to

ω � 10, σ � 0, A0 � A1 � 1, � 0, μ � 0, λ � −1. (62)

According to this result, μ2 − 4λ � 4 � 0 that achieves the
(
G ′
G

)
form (I) which is:

(
G ′

G

)
� sinh η + 2 cosh η

cosh η + 2 sinh η
, l1 � 1, l2 � 2.

R(η) � 1 +
sinh η + 2 cosh η

cosh η + 2 sinh η
. (63)

w(η) �
∫

R(η)dη � η + ln(cosh η + 2 sinh η). (64)

Hence, the solution of Eq. (1) is:

v(x , t) � ew(x ,t) � ex−10t [cos 2i(x − 10t) + 2 sin 2i(x − 10t)]. (65)

5 (2) For the second result, this can surrender to

ω � −10, σ � 0, A0 � A1 � 1, � 0, μ � 0, λ � 4. (66)

From these values we have μ2 − 4λ � −16 ≺ 0 then the solution is:
(
G ′

G

)
� 2i

(− sin 2iη + 2 cos 2iη

cos 2iη + 2 sin 2iη

)
, l1 � 1, l2 � 2.

R(η) � 1 + 2i

(− sin 2iη + 2 cos 2iη

cos 2iη + 2 sin 2iη

)
. (67)

w(η) �
∫

R(η)dη � η + ln(cos(2iη) + 2 sin(2iη)). (68)

Consequently, the solution of Eq. (1) is:

v(x , t) � ew(x ,t) � ex+10t [cos 2i(x + 10t) + 2 sin 2i(x + 10t)]. (69)

6 The DTM algorithm

In many nonlinear sciences fields that can be described by the NLSE it is very difficult to achieve the exact solutions, for this reasons
we utilize the numerical methods to construct the numerical solutions. Some of these problems have exact solutions and it is more
convenient to construct the corresponding numerical solutions. The DTM is considered one of these numerical methods that we will
use for this purpose. The kth derivative of function v(x) according to the DTM can be written as

V (k) � 1

k!

[
dkv(x)

dxk

]

x�0
. (70)

where v(x) denotes to the base function and V (k) denotes to the converted functions whose reverse is

v(k) �
∞∑
k�0

V (k)xk ∼�
N∑

k�0

xk

k!

[
dkv(x)

dxk

]

x�0
. (71)

Through Eq. (70), Eq. (71) the DTM is defined by Taylor expansion, while previously these two relations are defined at x � 0,
for more information’s, main theorems and basic rules see [20–23].

Let us now introduce the numerical solutions corresponding to the exact solutions explored by the ESEM and (G’/G) using DTM.

6.1 Firstly for the solutions obtained via ESEM

According to the first result of the first family in ESEM Eq. (6) with σ � 0, ω � 10 becomes

10R − R2 − Rη − Rηηη − 6R2Rη − 4RRηη − 3R2
η − R4 � 0. (72)

Applying DTM on Eq. (72) whose initial conditions derived from Eq. (29) will be

R(0) � 0.708687, Rη(0) � −0.915, Rηη(0) � 0.5333. (73)
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We get

10T (k) −
k∑

s�0

T (s)T (k − s) − (k + 1)T (k + 1) − (k + 1)(k + 2)(k + 3)T (k + 3)

−6
k∑

s�0

s∑
m�0

(m + 1)T (m + 1)T (s − m)T (k − s) − 4
k∑

r�0

(s + 1)(s + 2)T (s + 2)T (k − s)

−3
k∑

s�0

(s + 1)(k − s + 1)T (s + 1)T (k − s + 1) − F(k) � 0.

(74)

where T (k) the transformed function of R(η) while F(k) the transformation of R4 given by

F(k) �

⎧⎪⎪⎨
⎪⎪⎩

(T (0))4; k � 0.

1

T (0)

k∑
s�1

5s − k

k
T (s)F(k − s); k ≥ 1.

(75)

For which these recurrence relations will be detected

T (k + 3) � 1

(k + 1)(k + 2)(k + 3)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

10T (k) −
k∑

s�0

T (s)T (k − s) − (k + 1)T (k + 1)

−6
k∑

s�0

s∑
m�0

(m + 1)T (m + 1)T (s − m)T (k − s)

−4
k∑

s�0

(s + 1)(s + 2)T (s + 2)T (k − s)

−3
k∑

r�0

(s + 1)(k − s + 1)T (s + 1)T (k − s + 1) − F(k)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (76)

where {k � 0, 1, 2, 3, ...}.
From (76) with the help of DTM algorithm the solution of (72) is:

R(η) ∼� 0.708687 − 0.915η + 0.26659η2 + 0.996894η3

− 1.16207η4 − 1.22987η5 + 0.916η6 + 0.3576η7 − 0.177η8 + .... (77)

w(η) �
∫

R(η)dη � 0.708687η − 0.457568η2 + 0.08886η3 + 0.24922η4

− 0.2324η5 − 0.2049785η6 + 0.1309η7 + 0.0447η8 − 0.01969η9 + .... (78)

Hence the DTM solution of the suggested model Eq. (1) is:

v(x , t) � ew(x ,t) � e
(x−10t)

[
0.708687−0.4575(x−10t)+0.08886(x−10t)2+0.2492(x−10t)3

−0.2324(x−10t)4−0.20497(x−10t)5+0.13(x−10t)6+0.0447(x−10t)7−0.01969(x−10t)8

]

. (79)

This is compatible with the exact solution Eq. (31)
Also, by the same procedure for the second result of the first family of the ESEM we can extract the DTM solution corresponding

to the exact solution Eq. (36)

R(η)DT M ∼� −1.31564 − 9.3622η − 21.6795η2 − 62.68493η3 − 174.0619η4

− 489.973η5 − 1374.3951η6 − 3859η7 − 10834η8 + .... (80)

This is very close to the series expansion of the corresponding analytical solution Eq. (34)

R(η)Exact ∼� −1.31564 − 9.3622η − 21.6795η2 − 62.68493η3 − 174.0619η4

− 489.973η5 − 1374.3951η6 − 3859η7 − 10834η8 + .... (81)

w(η) �
∫

R(η)dη � −1.31564η − 4.6811η2 − 7.2265η3 − 15.6712325η4

− 34.81η5 − 81.6623η6 − 196.342η7 − 482.43η8 − 1203η9 + .... (82)
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Then the solution of the proposed model Eq. (1) is:

v(x , t) � e
(x+10t)

(
0.708687−0.4575684(x+10t)+0.08886(x+10t)2+0.24922(x+10t)3

−0.2324(x+10t)4−0.20(x+10t)5+0.13(x+10t)6+0.0447(x+10t)7−0.01969(x+10t)8

)

. (83)

Also, we can apply the DTM for the second family of the ESEM by considering two results achieved by the ESEM, for the first
result with σ � 0, ω � 2 Eq. (6) becomes

2R − R2 − Rη − Rηηη − 6R2Rη − 4RRηη − 3R2
η − R4 � 0. (84)

Using DTM algorithm Eq. (84) with initial conditions obtained from Eq. (45)

R(0) � 0.880797, Rη(0) � 0.1049935, Rηη(0) � −0.0799625. (85)

We get

2T (k) −
k∑

s�0

T (s)T (k − s) − (k + 1)T (k + 1) − (k + 1)(k + 2)(k + 3)T (k + 3)

−6
k∑

s�0

s∑
m�0

(m + 1)T (m + 1)T (s − m)T (k − s) − 4
k∑

s�0

(s + 1)(s + 2)T (s + 2)T (k − s)

−3
k∑

s�0

(s + 1)(k − s + 1)T (s + 1)T (k − s + 1) − F(k) � 0.

(86)

From which one can obtain the following recurrence relation

T (k + 3) � 1

(k + 1)(k + 2)(k + 3)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2T (k) −
k∑

s�0

T (s)T (k − s) − (k + 1)T (k + 1)

−6
k∑

s�0

s∑
m�0

(m + 1)T (m + 1)T (s − m)T (k − s)

−4
k∑

s�0

(s + 1)(s + 2)T (s + 2)T (k − r )s

−3
k∑

s�0

(s + 1)(k − s + 1)T (s + 1)T (k − s + 1) − F(k)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (87)

where {k � 0, 1, 2, 3, ...}.
From (87) with the help of DTM algorithm the solution of (84) is:

R(η)DT M ∼� 0.880797 + 0.10499η − 0.03998η2 + 0.006475η3 + 0.000866η4

− 0.00072355η5 + 0.00014783η6 + 0.000009524η7 − 0.000013421η8 + .... (88)

This is very close to the series expansion of the corresponding analytical solution Eq. (45)

R(η)Exact ∼� 0.880797 + 0.10499η − 0.03998η2 + 0.006475η3 + 0.000866η4

− 0.00072355η5 + 0.00014783η6 + 0.000009524η7 − 0.000013421η8 + .... (89)

From (88)

w(η)DTM �
∫

R(η)dη � 0.880797η + 0.052495η2 − 0.0133η3 + 0.0016η4 + 0.0001732η5

− 0.00012η6 + 0.00002η7 + 0.00000119η8 − 0.00000149η9 + .... (90)

Then the solution of the proposed model Eq. (1) is

v(x , t)DT M � e
(x−2t)

(
0.880797+0.052495(x−2t)−0.0133(x−2t)2+0.0016(x−2t)3+0.00017(x−2t)4

−0.00012(x−2t)5+0.00002(x−2t)6+0.00000119(x−2t)7−0.00000149(x−2t)8

)

. (91)

By the same way, for the last result of the second family in ESEM with ω � 2, σ � 0.
We get the same Eq. (84) with initial conditions obtained from Eq. (49)

R(0) � −1.15652, Rη(0) � 0.1812, Rηη(0) � −0.23768. (92)
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Applying the DTM on Eq. (84) with the help of initial conditions (92) we get the same recurrence relation Eq. (87), taking
different values of the parameter k � 0, 1, 2, 3, ... we get

R(η)DT M ∼� −1.15652 + 0.181η − 0.1188398η2 + 1.3785η3 − 1.3888η4

+ 0.534η5 − 0.16458584η6 + 0.5583η7 − 0.893695η8 + .... (93)

This is very close to the series expansion of the corresponding analytical solution Eq. (49)

w(η)DTM �
∫

R(η)dη � −1.15652η + 0.0905η2 − 0.0396η3 + 0.34463η4

− 0.277765η5 + 0.089η6 − 0.0235η7 + 0.069786η8 − 0.099299η9 + .... (94)

Then the solution of the proposed model Eq. (1) is:

v(x , t)DTM � e
(x−2t)

(−1.15652+0.0905(x−2t)−0.0396 (x−2t)2−0.3446(x−2t)3−0.277765(x−2t)4

−0.089(x−2t)5−0.0235(x−2t)6−0.069786(x−2t)7−0.099299(x−2t)8

)

. (95)

6.2 Secondly for the solutions obtained via the (G’/G)-expansion

According to (G’/G)-expansion method two results are discussed, for the first result with σ � 0, ω � 10 Eq. (6) becomes

10R − R2 − Rη − Rηηη − 6R2Rη − 4RRηη − 3R2
η − R4 � 0. (96)

Using DTM algorithm Eq. (96) whose initial conditions explored from Eq. (63)

R(0) � 3, Rη(0) � −3, Rηη(0) � 12. (97)

We get

10T (k) −
k∑

s�0

T (s)T (k − s) − (k + 1)T (k + 1) − (k + 1)(k + 2)(k + 3)T (k + 3)

− 6
k∑

s�0

s∑
m�0

(m + 1)T (m + 1)T (s − m)T (k − s) − 4
k∑

s�0

(s + 1)(s + 2)T (s + 2)T (k − s)

− 3
k∑

s�0

(s + 1)(k − s + 1)T (s + 1)T (k − s + 1) − F(k) � 0. (98)

From which one can obtain the following recurrence relation

T (k + 3) � 1

(k + 1)(k + 2)(k + 3)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

10T (k) −
k∑

s�0

T (s)T (k − s) − (k + 1)T (k + 1)

−6
k∑

s�0

s∑
m�0

(m + 1)T (m + 1)T (s − m)T (k − s)

−4
k∑

s�0

(s + 1)(s + 2)T (s + 2)T (k − s)

−3
k∑

s�0

(s + 1)(k − s + 1)T (s + 1)T (k − s + 1) − F(k)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (99)

where {k � 0, 1, 2, 3, ...}.
From (99) with the help of DTM algorithm the solution of (96) is:

R(η)DTM ∼� 3 − 3η + 6η2 − 11η3 + 20η4 − 36.4η5 + 66.27η6 − 120.638η7 + 219.62η8 + .... (100)

This is very close to the series expansion of the corresponding analytical solution Eq. (63)

R(η)Exact ∼� 3 − 3η + 6η2 − 11η3 + 20η4 − 36.4η5 + 66.27η6 − 120.638η7 + 219.62η8 + .... (101)

From (100)

w(η)DTM �
∫

R(η)dη � 3η − 1.5η2 + 2η3 − 2.75η4 + 4η5 − 6η6 + 9.47η7 − 15.1η8 + 24.4η9. (102)
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Fig. 1 The 2D & 3D graphs of the solution Eq. (31) when ω → 10, σ → 0, a0 → 1, a2 → −1, A1 � A0 � 1, A−1 → 0, a0a2 ≺ 0.

Fig. 2 The 2D & 3D graphs of the solution Eq. (36) when: ω → −10, σ → 0, a0 → −4, a2 → −1, A1 � A0 � 1, A−1 → 0, a0a2 � 0.

Then the solution of the proposed model Eq. (1) is:

v(x , t)DTM � e(x−10t)
(
3−1.5 (x−10t)+2(x−10t)2−2.75(x−10t)3+4(x−10t)4−6(x−10t)5+9.47(x−10t)6−15(x−10t)7+24.4(x−10t)8)

. (103)

7 Conclusion

Hereby of two interesting reliable methods, namely the ESEM and (G’/G)-method, the new optical soliton solutions of the CWK
Model of Bacterial Aggregates will be explored. The new divers of optical soliton solutions achieved by the ESEM appear in forms
of hyperbolic functions Figs. 1, bright soliton solution Fig. 2, exponential like function Fig. 3 and singular soliton solution Fig. 4.
Moreover, the new types of soliton solutions realized by the (G’/G)-method appear in forms of hyperbolic function Fig. 5 and
combination between bright soliton solution and dark soliton solution Fig. 6. To ensure the validity of the satisfied soliton solutions
and prove the consistency, we will use the DTM method to extract the numerical solutions to the established soliton solutions
achieved by these two proposed manners. Furthermore, the simulation for the 2-kind and 3-kind graphs shows the agreement of the
analytical and numerical solutions in Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 and 11). This agreement will be detected when we expand
the soliton solutions achieved by these two manners using Taylor (McLaurin) and compared it with the DTM solutions. The soliton
solutions of the CWK model and its identical numerical solutions will give new visions to the dynamical properties of the arising
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Fig. 3 This figure shows the solution of Eq. (1) given from Eq. (47) in 2D & 3D

Fig. 4 This figure shows other form of solution for Eq. (1) given from Eq. (51)

Fig. 5 This figure shows other forms of solution for the suggested model Eq. (1) given by Eq. (65)
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Fig. 6 This figure shows other forms of solution for proposed model Eq. (1) given by Eq. (69)

Fig. 7 DTM solution for proposed model Eq. (1) given by Eq. (79)

Fig. 8 DTM solution for proposed model Eq. (1) given by Eq. (83)
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Fig. 9 DTM solution for suggested model Eq. (1) given by Eq. (91)

Fig. 10 DTM solution for our model Eq. (1) given by Eq. (95)

Fig. 11 DTM solution for our model Eq. (1) given by Eq. (103)
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solitons that describe bacteria movement toward the light. The novelty of our satisfied solutions will be appeared when we execute
the comparison between our realized solutions with that realized by [10, 11].
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